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The attractors of a double-rf system subject to rf phase modulation, in the presence of a weak damping force,
were measured as a function of the modulation frequency. We found that the phase amplitudes of the attractors
followed a simple predictable path related to the synchrotron tune of the double-rf system. These attractors
were found to bifurcate at a modulation frequency near the maximum synchrotron frequency. We also found
that the coherent synchrotron oscillations decohered rapidly at small synchrotron amplitudes but showed little
decoherence at large synchrotron amplitudes. The experimental result has some implications for the Landau

damping of coherent beam instabilities.

PACS number(s): 29.27.Bd, 41.75.—i, 03.20.+i, 05.45.+b

(i) Introduction. The double-rf system has been used to
alleviate the space charge effect by reducing the peak current
[1,2]. It has also been used to overcome multibunch insta-
bilities by modifying the time structure of the bunch, which
changes the effective impedance experienced by the beam,
and more importantly to increase the synchrotron tune spread
of the beam for achieving an enhanced Landau damping
[3,4]. Furthermore, a secondary high frequency rf system has
also been used for controlled longitudinal beam emittance
dilution [5].

In the past few years, there have been some theoretical
studies on the double-rf system for small amplitude synchro-
tron oscillations [6], which are valid only for synchrotron
phase amplitude ¢=<50°. More recently, a method has been
advanced to solve the double-rf system, without small am-
plitude approximations, in the presence of external coherent
harmonic modulations [7]. In particular, an analytic solution
has been obtained for the case where the harmonic ratio is 2
[8]. However, there are few experimental measurements of
the properties of a double-rf system. To understand the par-
ticle motion in the double-rf system, it is important to mea-
sure characteristic properties of the dynamical system, and
compare the experimental data with theory. This paper re-
ports results of beam dynamics experiments done with a
double-rf system.

(ii) Experimental technique and calibration. The experi-
mental procedure started with 90-MeV H,* ions strip-
injected into the Indiana University Cyclotron Facility
(IUCF) Cooler Ring, resulting in a proton kinetic energy of
45 MeV. The revolution frequency for the synchronous par-
ticle, fo, was 1.031 68 MHz. The frequency of the primary rf
cavity was 3.095 04 MHz, and for the secondary one, it was
6.190 08 MHz, with harmonic numbers 4#;=3 and h,=6,
respectively. The ratio of the harmonic numbers was chosen
to be equal to 2 so that the resulting double-rf system had the
largest bucket area [7,8]. The primary rf voltage was set at
about 92.7 V, which resulted in a synchrotron frequency of
about 679 Hz while operating with the primary rf cavity
alone. There were three bunches in the ring with a total cur-
rent of about 200 wA, or equivalently 4X 10% protons per
bunch. The accelerator was operated with a cycle time of 10
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s. The injected beam was electron-cooled for about 3 s. The
cooling rate has been previously measured to be about
3+1 s~ ! [9,10], which is equivalent to a cooling time of
about 300 ms.

Since our data acquisition system was capable of digitiz-
ing the six-dimensional (6D) phase space variables for only
one bunch per revolution in the ring, a transverse dipole
kicker was used to kick two bunches out of the aperture
leaving a single bunch in the cooler ring. The full width at
half maximum bunch length for the double-rf system was
typically about 6.8 m (or 75 ns).

The Hamiltonian for the double-rf system with a har-
monic ratio of 2 is given by

Hy=3v,6*+ v [(1—cos¢p)—(r/2)(1—cos2¢)], (1)

where v, = (heVy|n|/27B%E)"? is the small amplitude
synchrotron tune of the primary rf system alone, r=V,/V, is
the ratio of the rf voltages. The synchrotron tune is the num-
ber of synchrotron oscillations per revolution. The conjugate
phase space coordinates (¢, d) are respectively the phase of
the particle relative to that of the synchronous particle and
the normalized off-momentum variable &= —(h|7|/v,)
X(Ap/py), where p=—0.86 is the phase slip factor.

The rf voltages of the two cavities were calibrated indi-
vidually by measuring their synchrotron frequencies, when
each cavity was operated alone. One should, however, keep
in mind that the measured synchrotron tune depends on the
amplitude of synchrotron oscillations. Additionally, when the
two cavities were operating together, the voltage ratio could
be calibrated by measuring the shape of the potential well.
With electron cooling, the protons were dampened into the
bottom of the potential well because the equilibrium beam
profile followed a Hamiltonian contour. In particular, the po-
tential well has two dips when r>0.5. This was the case for
the particles trapped in the potential well shown in Fig. 1,
where traces of sum signals from a beam position monitor
(BPM) were accumulated with an oscilloscope triggered at
the revolution frequency. The rf wave forms from pickup
loops for both rf cavities are also shown. Note that the sum
signal from a BPM is proportional to the beam charge. This
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FIG. 1. The trace of a BPM sum signal accumulated on an
oscilloscope and triggered at the revolution frequency. Note here
that there was only one bunch present after a horizontal kicker was
used to kick two bunches away. The rf wave forms for the two
cavities are also shown. The beamlet phase separation was used to
calibrate the voltage ratio.

beam profile has two peaks separated by about 60.4 ns,
which is the result for the voltage ratio of r=~0.60. The rela-
tive intensity of these two peaks depends on the relative
phases of the two rf cavities. Using this sensitivity, the rela-
tive phase of two cavities can be calibrated and adjusted. At
the same time, by measuring the separation of the two peaks
inside a rf bucket the ratio of the two rf voltages could also
be calibrated. These different calibration methods agreed to
within 5%.

To measure the synchrotron tune of the double-rf system,
the bunched beam was kicked longitudinally by phase shift-
ing the control signal for both rf cavities, and the resulting
phase oscillations were digitized. The principle of the phase
shifters of our rf systems has been discussed before [9]. The
control voltage for the phase shifters vs the actual phase shift
was experimentally calibrated. Both the phase error due to
control nonlinearity and the parasitic amplitude modulation
of the IUCF Cooler rf systems have been kept to less than
10%. The phase lock feedback loop, which normally locks
the rf cavity to the beam, was switched off for our experi-
ment. The response time of the step phase shifts was prima-
rily limited by the inertia of the rf cavities which both have a
quality factor Q of about 40. The phase shift was accom-
plished by applying a square wave with frequency 0.2 Hz,
resulting in a rf phase shift with a 2.5 s duration. The mag-
nitude of the phase shift was varied by adjusting the ampli-
tude of the square wave.

It is important that the phase shifts in both cavities are in
a proper ratio so that the shape of the potential well remains
unchanged. For this reason, a voltage divider was used to
divide the applied voltage between the two cavities. Once the
beam is phase kicked, the subsequent beam-centroid dis-
placements Ax ., were measured with the A signal of a BPM,
located in a region of high dispersion D,~3.9 m to obtain
the off-momentum variable given by Ap/p=Ax,/D,. The
signal from the BPM was passed through a 3 kHz low pass
filter before digitization to remove effects due to coherent
betatron oscillations and high frequency noise. The BPM had
a rms position resolution of about 0.1 mm. Similarly, the sum
signal from a BPM, passing through a 1.4 MHz low pass
filter, was used to obtain the phase coordinate by comparing
the signal with the rf wave form of a pickup loop in the
primary 1f cavity. Our present phase detector has a range of
720° with a resolution of about 0.2°. The 6D phase space
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FIG. 2. The signal from a phase detector shown as a function of
time for 40° and 90° phase kicks. The rf voltage ratio was about 0.3
and the synchrotron frequency of the primary rf system was about
679 Hz.

coordinates were digitized in 10-revolution intervals for
16 384 points (or 163 840 revolutions). A Poincaré map can
be obtained from the digitized data and the synchrotron tune
can be obtained from a fast Fourier transform of the phase or
the off-momentum variables.

For online diagnosis, the phase oscillations were dis-
played on an oscilloscope. Figure 2 shows examples of 40°
and 90° kicks for a voltage ratio of r~0.3, where the scope
was triggered 4 ms before a phase kick was applied to the
beam. Note that the synchrotron oscillations resulting from
the 40° kick decohere rapidly, while those resulting from the
90° kick show little decoherence. Since the effective damp-
ing time of the electron cooling was of the order of 300 ms,
the damping of the phase oscillations observed in the upper
plot of Fig. 2 was not due to electron cooling but resulted
from decoherence of a beam with a large tune spread. This
rapid decoherence, resulting from a large tune spread within
the bunch, may be important for the Landau damping of
coherent instabilities.

The synchrotron tune of the Hamiltonian of Eq. (1) has
been obtained analytically as a function of the maximum
phase amplitude [8]. The solid lines in Fig. 3 show the syn-
chrotron tunes for r=0.0, 0.1, 0.2, 0.3, 0.4, and 0.5, respec-
tively. The measured synchrotron tunes for r~0.3 are shown
as square symbols. Note that when the voltage ratio is 0.5,
the synchrotron tune goes to zero as the synchrotron ampli-
tude goes to zero. Since the effective tune spread of the beam
is given by AQ = (dQ,/dJ)AJ, where AJ is the maximum
width in action of the beam bunch, the synchrotron tune
spread will be larger at the phase space locations with a
larger dQ,/dJ. Therefore the synchrotron tune spread of the
beam is much larger for small amplitude oscillations than
that for large amplitude oscillations. At r=0.5, our experi-
mental data indicated that small amplitude synchrotron oscil-
lations decohered within one synchrotron period. Thus the
double-1f system, with the proper voltage ratio, can provide
large synchrotron tune spread for Landau damping. How-
ever, we note that the derivative of the synchrotron tune be-
comes zero at the phase amplitude of about 117°. This
means that the beam could become unstable if affected by
time dependent perturbations at the top of the synchrotron
frequency.

(iii) Observation of parametric resonances and bifurca-



30 BIFURCATION OF RESONANCE ISLANDS AND LANDAU ...

1.0

0.8

N

0.6

Qs/vs

0.4

0.2

rllllvllllllll

U U RS R

50 100 150

¢ (deg)

0.0

FIG. 3. The synchrotron tunes, normalized to the zero amplitude
synchrotron tune of the primary rf system, are shown as a function
of the maximum phase amplitude for the voltage ratios of
r=0.0,0.1,0.2,0.3,0.4, and 0.5, respectively. The square symbols
show the measured synchrotron tune for r=~0.3. Other symbols are
the measured phase amplitudes of attractors when phase modulation
was applied to the double-rf system at r=0.5 with phase modula-
tion amplitudes varied from 2.5° to 5°.

tion. To study the particle beam stability, experimental mea-
surements of beam response to time dependent perturbations
[7-10] were performed. Adding a small sinusoidal wave to
the square wave, which was used for phase shifting the rf
cavities, the rf cavities were simultaneously phase shifted
and sinusoidally modulated. In high energy synchrotrons,
phase modulation may arise from synchrobetatron coupling,
f noise, or a wake field resulting from the longitudinal im-
pedances. With phase modulation, the Hamiltonian becomes

H=Hy+ v,aécosv,,0, )

where a is the modulation amplitude, v,, is the modulation
tune, which is the number of modulation oscillations per
revolution.

In the limit of small perturbation with a<<1, the perturba-
tion term in Eq. (2) can be expanded in action-angle vari-
ables of the unperturbed Hamiltonian H,, where the action
is J=(1/2m)$ d . Therefore the “energy” of the unper-
turbed Hamiltonian, Hy=E, can be expressed as a function
of the action J. The synchrotron tune is given by

Q,(J)=dEq/dJ. 3

Using the generating function Fy(¢,J)=/%8(¢")de’,
where ¢ is an extremum of the phase angle for a
given torus, the angle variable is then given by ¢
= OF /3] = (3Eo/3])[5(38/3Eo) d¢'.

We expand the perturbation in action-angle variables of
the unperturbed Hamiltonian with

6=2 g.(N)e?, )
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where the strength function g,(J) can be obtained from the
inverse Fourier transform. Using the symmetry of the unper-
turbed Hamiltonian, it is easy to prove that the phase modu-
lation produces odd order resonances, while voltage modu-
lation results in even order resonances [7,8]. We also note
that the strength function obeys a sum rule [8]

I=[v/Q,)] 2 |g. DI )

n=-—o

which is generally valid for Hamiltonian systems in which
the kinetic energy depends quadratically on the momentum.

Inserting Eq. (4) into Eq. (2), one finds that the perturba-
tion creates parametric resonance islands inside the rf bucket.
The actual resonance strength for the nth harmonic reso-
nance is given by v,,a|g,|. When the perturbation is small,
the condition for the nth order resonance islands is given by

vm~nQ(J,), ©)

where J, is the resonance action. In a weakly dissipative
system such as the IUCF Cooler Ring, these stable fixed
points become attractors. By measuring the phase amplitude
of the attractor vs the modulation tune v,,, one can effec-
tively trace the Q(J) across the rf bucket.

If O, has a maximum value Q,, then the solution of Eq.
(6) will exhibit the characteristics of resonance bifurcation,
i.e., resonance islands disappear when v,,>Q;. Since the
island width is given by AJ, = 4(vnalg.l/Q;l;=1)"
the resonance island size becomes large when Q;
= dQ,/dJ|;- 7, is small. Since the synchrotron tune of Eq.

(1) for r=0.5 peaks at O,~0.7786v, at the maximum phase
amplitude of 117°, and vanishes at both large and small
phase amplitudes, the resonance condition of Eq. (6) for a
given order n will occur at two different actions until the
modulation tune reaches the peak synchrotron tune Q. In a
particular region of the modulation tune, one can observe
two merging attractors. When the v,, becomes larger than
nQ;, there is no action which will satisfy Eq. (6), and all
islands of order » suddenly disappear.

In our experiments, the synchrotron frequency of the pri-
mary rf system was 679 Hz, the phase modulation amplitude
was varied from 2.5° to about 10°, and the phase modulation
frequency was varied from about 400 Hz to about 1600 Hz.
Figure 4(a) shows an example of the accumulated BPM sum
signal traces on an oscilloscope, where the outer beamlet is
77.2 ns or 86.0° away from the central beamlet. The double
peaks around the central peak were due to the synchrotron
oscillations of particles trapped in the outer island, which
was created by the phase modulation at 460 Hz. Using a fast
sampling scope to obtain a single pass beam distribution, we
observed two beamlets, shown in Fig. 4(b), for the modula-
tion frequency of 495 Hz.

When the modulation frequency was increased beyond
500 Hz, two outer attractors along with a central flat poten-
tial well began to develop as shown in Fig. 5, where the
modulation frequency was 505 Hz, and the measured phase
coordinates of the attractors were 100° and 136°, respec-
tively. When the modulation frequency was increased, these
two attractors moved toward each other. The inner attractor
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FIG. 4. (a) The bunch profile obtained from the accumulated
BPM sum signals on an oscilloscope. The modulation frequency
was 460 Hz, and there were only two beamlets. The observed two
outer peaks were due to the synchrotron oscillations of particles
trapped in the outer attractor. (b) The instantaneous longitudinal
beam profile in a bucket obtained using a fast sampling oscillo-
scope. Note that there were only two beamlets. The modulation
frequency was 495 Hz.

disappeared at about 512 Hz and the outer parametric island
remained intact until about 530 Hz, depending on the modu-
lation amplitude. The results of our many experimental runs
are summarized in Fig. 3, where the modulation tune is plot-
ted vs the amplitudes of the attractors observed on the oscil-
loscope. We found that the phase amplitudes of attractors
followed the synchrotron tune of the unperturbed Hamil-
tonian with a weak dependence on the phase modulation
amplitude. Similar behavior was observed for the third har-
monic attractors, where resonance islands (attractors) were
found to trace out 30 (J).

(iv) Conclusion. In conclusion, we have measured two
bifurcation branches for the attractors of a weakly dissipative
double-rf system. We found that the attractors followed the
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FIG. 5. The double peaks on both sides of the center attractor
showed the existence of two approaching attractors at the modula-
tion frequency of 505 Hz.

characteristic tune of the unperturbed Hamiltonian. Around
the n=1 synchrotron harmonic (dipole mode), the center
region was stable provided that the phase modulation ampli-
tude was less than 5°. This stability may result from the
phase damping due to electron cooling. The confined sto-
chasticity, observed in numerical simulations [7], seems not
to affect the beam stability for the phase modulation ampli-
tude less than 5°. For a phase modulation amplitude beyond
5°, the beam bunch becomes highly unstable even with the
electron cooling. We also observed n=3 resonance (sextu-
pole mode), which obeyed the condition of Eq. (6). The n=2
resonance was not observed for modulation amplitudes up to
about 5°. In the double-rf system, small amplitude coherent
oscillations were also observed to decohere rapidly. On the
other hand, the coherent synchrotron oscillations would last
for a long time if the kicked amplitude is larger than 90°.
These results provide a criterion for Landau damping of
small bunched beams in the double-rf system.
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FIG. 1. The trace of a BPM sum signal accumulated on an
oscilloscope and triggered at the revolution frequency. Note here
that there was only one bunch present after a horizontal kicker was
used to kick two bunches away. The rf wave forms for the two
cavities are also shown. The beamlet phase separation was used to
calibrate the voltage ratio.



FIG. 2. The signal from a phase detector shown as a function of
time for 40° and 90° phase kicks. The rf voltage ratio was about 0.3
and the synchrotron frequency of the primary rf system was about
679 Hz.
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FIG. 4. (a) The bunch profile obtained from the accumulated
BPM sum signals on an oscilloscope. The modulation frequency
was 460 Hz, and there were only two beamlets. The observed two
outer peaks were due to the synchrotron oscillations of particles
trapped in the outer attractor. (b) The instantaneous longitudinal
beam profile in a bucket obtained using a fast sampling oscillo-
scope. Note that there were only two beamlets. The modulation
frequency was 495 Hz.
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FIG. 5. The double peaks on both sides of the center attractor
showed the existence of two approaching attractors at the modula-
tion frequency of 505 Hz.



